The open resonator has been shown previously to provide an accurate and convenient tool for the measurement of the complex permittivity of dielectric materials in flat sheet form [1]- [6] , and Cullen and Yu [1] were the first to use Gaussian beam theory to analyze such a system. Normally, measurements are made with the sample located centrally within the resonator so as to match the wavefronts approximately to the sample surfaces. Perturbation theory is then used to compensate for the deviation of the sample geometry from the ideal biconvex geometry required. Since this deviation is usually small, experimental errors of less than 1 percent for relative permittivity and 10 percent for loss tangent are typical of those which have been reported for various flat samples.
In an earlier paper [7] , we presented the results of a study into the measurement of biconcave dielectric samples using an open resonator and examined the applicability of the perturbation theory in these cases. More recently, by using arguments similar to those employed by Cullen and Q(z) = tan-1 (2z/kw~).
As shown here, the electromagnetic field is assumed to be linearly polarized. This assumption holds as long as (kwo)-z<<l.
Since the radius of curvature of the wavefronts varies with position along the longitudinal axis of the resonator, accurate measurements on convex-concave samples should be possible by placing them nearer to one of the mirrors, where the radii of curvature of the sample surfaces are similar to those of the wavefronts. When, for example, such a sample is located nearer to the right-hand mirror, as shown in Fig. 2 , the system can be envisaged as being comprised of four regions, separated by three constantphase surfaces. These are the plane surface SA, where the beamwidth is a minimum, and the two air-dielectric interfaces SB and SC. In region 1, the field can be written (5) where the beam has its minimum width of WOI at z = O, Al is an amplitude factor, and Wl, RI, and @l are defined by
a is a constant which can be found by applying suitable boundary condition at the left-hand mirror surface. Here the tangential electric field is zero, From (4),
and (4) and (5) 
where n is the refractive index of the dielectric, ZI is the wave impedance of the dielectric, and~is a constant determined by the sample position. The quantities W3, R~, and Q3 are defined by
In region 4, the beam is again treated as a portion of another virtual beam which has its minimum width Ww at z = Z4, and the field in this region can therefore be written
where W4, R4, and Qd are defined by
y is a constant which can be found by applying the boundary condition at the right-hand mirror surface. Thus
and (13) and (14) become
Assuming the air-dielectric interfaces are coincident with the wavefronts, then the wave impedances at these surfaces can be matched. Firstly, the width and the radius of curvature of the beam have to be identical on both sides of the air-dielectric interfaces. Therefore, at SB,
whereas at SC, w,(~,) = w,(~t)
When the air-dielectric interfaces are coincident with the wavefronts, the field equations applied at these interfaces are simplified as the r-dependent terms can be ignored. The wave impedances Z~~and Z~r, looking to the left and right of interface SB, can be written as
Zb, =-jZltan(nkDb -Q,(D~)+@)
whereas at SC., the corresponding wave impedances ZCl and Z.. are
At resonance, the wave impedances on both sides of the two curved air-dielectric interfaces should be equal. Hence at SB, from (21) and (22),
whereas at SC, from (23) and (24),
(
When the relative permittivity t, has been determined by c,= n 2, the loss tangent of the sample can be obtained by calculating the difference in energy losses between the unloaded' and the loaded resonators. The loss tangent is therefore given by () Table I , together with the corresponding results for the same material measured in flat sheet form, using the same system. As can be seen, the results for the two cases appear consistent and are in good agreement.
The slight differences between the results for samples Cl -C5 and C6-C8 is attributed to the fact that each group of samples was cut from different sheets of material. Apart from these slight differences, experimental errors appear to be due mainly to uncertainties in the measurement of sample position, sample geometry, resonant frequency, and Q factor. When making measurements, the position of the sample inside the resonator needs to be known accurately, and this complex permittivity for sample C8 are shown in Table II . As can be seen, variations are larger when samples were measured in low field regions where the relative field intensity at the air-dielectric interfaces was high. In our measurements, the angular position of the sample could be adjusted to better than +10 and the changes in resonant frequency and Q factor due to the resulting slight variations in sample aspect were found to be negligible.
Since most of the energy of the Gaussian beam is concentrated near its longitudinal axis, as long as the sample is large enough to intercept the latter, the transverse dimensions of the sample are not critical. However, the thickness of the samples still needs to be known Perturbation theory compensation has been applied to the results to account for the deviations from the ideal geometry of the convex-concave samples,, but since these were designed to match approximately with the wavefronts, the compensation is small. When, however, the sample geometry is very different from the ideal, the errors are expected to be large and dominated by those introduced by the use of perturbation theory. These errors can be minimized, as reported in [7] , by locating the sample in a high field region of the resonator standing wave pattern while leaving the air-dielectric interfaces in relatively low field regions. Hence refraction of the electric field can be minimized together with the errors. Alternatively, by using mirrors whose radii of curvature are similar to those of the sample surfaces, wavefronts with similar radii of curvature can be produced to match the sample geometry.
Errors in relative permittivity and loss tangent arising from uncertainties in the measured resonant frequency and Q factor are typically within 1 percent and 5 percent, respectively. After taking" the above-mentioned factors into' account, the uncertainties in the relative permittivity and loss tangent are expected to be within 3 percent and 20 percent, respectively.
As can be seen from 
